EULER ノ ダンセイ キョクセン ト KIRCHHOFF ダンセイ ボウ ビブン キカテキナ カンテン カラ オイラー ホウテイシキ 250ネン レンゾクタイ リキガク ニオケル オイラー ノ イサン by 川久保, 哲
Title
Eulerの弾性曲線とKirchhoff弾性棒 : 微分幾何的な観点か
ら (オイラー方程式250年 : 連続体力学におけるオイラー
の遺産)
Author(s)川久保, 哲









(Euler’s elastica and the Kirchhoff elastic rod
- from the viewpoint of differential geometry)
(Satoshi Kawakubo)







, Euler . , (Riemmn
) Kirchhoff . , 3 Kirchhoff






([1], [18]). Euler Kirchhoff
. , , (Riemann
$)$ .
Euler ( , )
, 1742 , Daniel Bernoulli Euler
. Euler ,
(cf. [18]).
, Kirchhoff (1859) ,
, .
1608 2008 105-117 105
, Kirchhoff Euclid $(R^{2}$ $R^{3})$
, 1980 Willmore ,
Riemann (cf.
[13], [19], etc.).
3 , a $=R^{3}$ (3 Euclid ), $S^{3}$ ( $3$ ),
$H^{3}$ (3 ) Kirchhoff . Langer-Singer([16]) ,
3 $\mathcal{M}$ Kirchhoff Hamilton




, . , $\mathcal{M}$
, . $R^{3}$ ,
, .
Tsuru ([22]), Shi-Hearst ([20]), Langer-Singer ([17]) ,
Kirchhoff sn explicit




, $S^{3}$ [9] ,
, sn explicit .
[9] , $S^{3}$ , $H^{3}$
. 2 4 ,
( 5) , $H^{3}$
(explicit ) ( 6). ( 4
[10] . )
, 5 Kirchhoff .
, 3 Kirchhoff Fukumoto-Miyazaki (
) ( 9) .






, , $C^{\infty}$ . $\mathcal{M}$
$n$ Riemann . (Riemann $\langle*,$ $*\rangle$ , $|*|$ . )
, . $\gamma=\gamma(s)$ : $[s_{1}, s_{2}]arrow \mathcal{M}$ 1 (
) . $\gamma$ ( ) $G(\gamma)$ ,
$\gamma$ ,
$\mathfrak{E}(\gamma)=/s_{1}s_{2}|\nabla_{s}\gamma’|^{2}ds$
. , $\nabla$ $\mathcal{M}$ Riemann Levi-Civita .
$\mathcal{M}$ Euler-Lagrange ,
, , $\mathcal{M}$ 3 $R^{3},$ $S^{3},$ $H^{3}$ , $G$ . (
$\mathcal{M}=R^{3}$ $G$ $0,$ $S^{3}$ $G$ , $H^{3}$ $G$
. $)\mathcal{M}$ , $\cross$ .
, $\gamma(s_{1}),$ $\gamma(s_{2})$ , $\gamma’(s_{1}),$ $\gamma’(s_{2})$
( $\gamma$ 1 ) , $\not\in$ , Euler-Lagrange
(2.1) $\nabla_{s}[2(\nabla_{s})^{2}\gamma’+(3|\nabla_{s}\gamma’|^{2}-(\mu-2G))\gamma’]=0$
. , $\mu$ .
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$(\gamma’, M_{1}, M_{2})$ ( $\gamma$ 1 )
$\mathfrak{T}$ , Euler-Lagrange .
(2.3) $\nabla_{s}[2(\nabla_{s})^{2}\gamma’+(3|\nabla_{s}\gamma’|^{2}-(\mu-2G)+2\nu a^{2})\gamma’-4\nu a\gamma’x\nabla_{s}\gamma’]=0$,
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$\gamma$ Frenet , Frenet ( , ) $k(s),$ $\tau(s)$
. , $\tau$ $\gamma$ , $\{\gamma, \lrcorner lI\}$ twist
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. $b$ . Jacobi sn explicit
, . , $\{\gamma(s), M(s)\}$ , $s$
, $\mathcal{M}$ , $M$ $O(2)$ (
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3. $\mathcal{M}=R^{3},$ $S^{3},$ $H^{3}$ . $\mathcal{M}$ , $R$ Kirchhoff (
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, , . ) ,
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, elliptic modulus $p$ $0\leq p\leq 1$ , $p=0$ $\gamma$
( ) . $0<p<1$ , ,
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.
4 Kirchhoff explicit
explcit , Langer-Singer ([14],[15])
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$\{\gamma, M\}$ $\mathcal{M}=R^{3},$ $S^{3},$ $H^{3}$ Kirchhoff . , $\gamma$
$J,$ $H$
(4.1) $J=2(\nabla_{T})^{2}T+(3|\nabla_{T}T|^{2}-\mu+2\nu a^{2})T-4\nu aTx\nabla_{T}T$,
(4.2) $H=2\nu aT+T\cross\nabla_{T}T$
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. $\mathcal{M}=R^{3}$ . , $\tilde{J}$ . ( (2.3) (4.1)
$\nabla_{T}J=0$ . ) , $\overline{H}$ ( ) $\tilde{J}$
screw ( $\tilde{J}$ $\tilde{J}$ )
. , .
, 4 , $\mathcal{M}$ Killing
, $J,$ $H$
( (3.1), (3.2) ) . (
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, (4.1), (4.2) $R^{3}$ Langer-Singer ([17]) $J,$ $H$
. $R^{3}$ , $J,$ $H$ Noether ( )
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([17]).
5. $[\tilde{J},\overline{H}]=0$ .
( ). $\mathcal{M}$ Killing , , $\mathcal{M}$ ,
$\mathcal{M}$ 1 , . $\gamma$ 1
, , $\gamma^{l}$ $[\tilde{J},\overline{H}]=0$
. , $[\overline{J},\overline{H}]=\nabla_{\tilde{J}}\overline{H}-\nabla_{\tilde{H}}\tilde{J}$ , $\gamma$ $\nabla_{\tilde{H}}\tilde{J}=0$ $\nabla_{\tilde{J}}\overline{H}=0$
.
$\gamma$
$\nabla_{\tilde{H}}\tilde{J}=0$ . $\tilde{J}$ $\gamma$
, $\nabla_{\tilde{H}}\tilde{J}$ . ,
.
$\varphi^{\lambda}$ : $\mathcal{M}arrow \mathcal{M}(\lambda\in R)$ $\tilde{J}$ 1 . $(\varphi^{\lambda}\circ\gamma)(s)$








, $\hat{H}$ $\overline{H}$ $\gamma$ , $\nabla_{\tilde{H}}\tilde{J}$ $\nabla_{\hat{H}}\tilde{J}$ .
$\hat{H}$
$\varphi^{\lambda}$ , $\nabla_{\hat{H}}\tilde{J}=\nabla_{\hat{J}}\overline{H}$ . , $\nabla_{\hat{J}}\hat{H}=0$
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. , . $\hat{T},\hat{J},\overline{IJ},$ $\nabla_{\hat{J}}$
$T,$ $J,$ $H,$ $\nabla_{J}$ . $\nabla_{J}T=\nabla_{T}J$
$\nabla_{J}\nabla_{T}X=\nabla_{T}\nabla_{J}X+G(\langle T, X\rangle J-\langle J, X\rangle T)$
( $X$ $\hat{\gamma}$ ) . (4.4) (4.3)






. $\gamma$ $\nabla_{\tilde{H}}\overline{J}=0$ .
, $\gamma$ $\nabla_{\tilde{J}}\overline{H}=0$ . $\mathcal{M}$
$[\tilde{J},\overline{H}|=0$ .
, $\{\gamma, M\}$ , $\mathcal{M}$ $R^{4}$ (
$(x_{1}, x_{2}, x_{3}, x_{4})$ ) .
Case 1. $\mathcal{M}=R^{3}$
$R^{3}$ , $R^{4}$ $\{{}^{t}(x_{1}, x_{2}, x_{3},1);x_{1}, x_{J2}, x_{3}\in R\}$
, $R^{3}$
$x_{1}=r\cos\theta,$ $x_{2}=r\sin\theta,$ $x_{3}=-z$
$(r, \theta, z)$ .
Case 2. $\mathcal{M}=S^{3}$
$S^{3}$ $R^{4}$ $1/\sqrt{G}$ ,
$S^{3}$ $(r, \theta, \psi)$ .
$x_{1}=r\cos\theta,$ $x_{2}=r\sin\theta,$ $x_{3}=\overline{r}\cos\psi,$ $x_{4}=\overline{r}\sin\psi$
$r>0$ , $\overline{r}=\sqrt{1/G-r^{2}}$ . ( $R^{3}$
, $r=$ const. Clifford torus . )
Case 3. $\mathcal{M}=H^{3}$
) . $R^{4}$ Lorentz $dx_{1}^{2}+dx_{2}^{2}+dx_{3}^{2}-dx_{4}^{2}$ ,
$H^{3}$ $R^{4}$
$\{{}^{t}(x_{1}, x_{2}, x_{3}, x_{4})\in R^{4};x_{1}^{2}+x_{2}^{2}+x_{3}^{2}-x_{4}^{2}=1/G, x_{4}>0\}$
. $H^{3}$ $(r, \theta, \psi)$ .
$x_{1}=r\cos\theta,$ $x_{2}=r\sin\theta,$ $x_{3}=-\overline{r}\sinh\psi,$ $x_{4}=$ Tcosh $\psi$
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$r>0$ , $\overline{r}=\sqrt{-1/G+r^{2}}$ .
$\mathcal{M}arrow R^{4}$
$\iota$ . $I(\mathcal{M})$ $\mathcal{M}$ , Lie $(I(\mathcal{M}))$
Lie . $\mathcal{M}=R^{3},$ $S^{3},$ $H^{3}$ $I(\mathcal{M})=E(3))O(4),$ $O^{+}(3,1)(\subset$
$GL(4, R))$ Lie $(I(\mathcal{M}))=e(3),$ $o(4),$ $0(3,1)(\subset M(4;R))$ .
6. $\{\gamma, M\}$ $\mathcal{M}$ Kirchhoff . $\mathcal{M}=H^{3}$ Killing
$\tilde{J}$ . , $P\in I(\mathcal{M})$
. $P\circ\iota$ : $\mathcal{M}arrow R^{4}$ $(r, \theta.\psi)$ ( $(r,$ $\theta,$ $z)$ )
, $\gamma(s)$ $r,$ $\theta,$ $\psi,$ $z$ $r(s),$ $\theta(s),$ $\psi(s),$ $z(s)$ . .
$r(s)=\sqrt{c_{1}sn^{2}(c_{2}s,c_{3})+c_{4}}$ ,
$\theta’(s)=\frac{c_{5}sn^{2}(c_{2}s,c_{3})+c_{6}}{r(s)^{2}}$ $($ $r(s)\neq 0)$ ,
$\mathcal{M}=S^{3},$ $H^{3}$
$\psi’(s)=\frac{c_{7}sn^{2}(c_{2}s,c_{3})+c_{8}}{\overline{r}(s)^{2}}$ $($ $\overline{r}(s)\neq 0)$ ,
$\mathcal{M}=R^{3}$
$z’(s)=c_{9}sn^{2}(c_{2}s, c_{3})+c_{10}$ .
, $c_{1},$ $c_{2}\ldots.,$ $c_{10}$ , $(\alpha, \eta.p, w)$
$G$ explicit .
1. $\mathcal{M}=H^{3}$ $\tilde{J}$ , sn
.
2. $r(s)=0$ $s$ , $r$
. , $r$ $\theta’(s)$ $s\ovalbox{\tt\small REJECT}$ , $r$ $\theta(s)$ $\pi$
. $\theta(s)$ , , $r$
$\pi$ , explicit
. , $\overline{r}(s),$ $\psi(s)$ .
3. $\theta’(s)$ $s$ , $\theta(s)$ , 3
. $\psi(s)$ .
( ). $Y$ $\mathcal{M}$ Killing , $A_{Y}\in$ Lie $(I(\mathcal{M}))$
$Y(x)=A_{Y}x(x={}^{t}(x_{1}, x_{2}, x_{3}, x_{4})\in \mathcal{M})$ . $A_{Y}$
$\iota$ $Y$ .
$\mathcal{M}=H^{3}$ . $\partial/\partial\theta$ ,
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$\partial/\partial\psi$ $\mathcal{M}$ Killing ,
$E_{1}:=(0001$ $-1000$ $0000$ $0000$ , $E_{2}:=(0000$ $0000$ $-1000$ $\frac{00}{0}1^{\cdot}$
.
, $\tilde{J},\overline{H}$ , 5 ,
. .
7. $P\in I(\mathcal{M})$ $\sigma_{1},$ $\sigma_{2},$ $\rho_{1},$ $\rho_{2}\in R$ , $P\circ\iota$ : $\mathcal{M}arrow R^{4}$
$\tilde{J},\tilde{H}$
$\sigma_{1}E_{1}+\sigma_{2}E_{2},$ $\rho_{1}E_{1}+\rho_{2}E_{2}$ .




, $r(s)$ . (4.5) $|\partial/\partial\theta|=r,$ $|\partial/\partial\psi|=\overline{r}$
$|H(s)|^{2}=| \overline{H}(\gamma(s))|^{2}=\rho_{1}^{2}r(s)^{2}+\rho_{2}^{2}(-\frac{1}{G}+r(s)^{2})$ .
, $H$ $|H(s)|^{2}=k(s)^{2}+4\nu^{2}a^{2}$ .
3 $k(s)$ , $r(s)$ .
, (4.5)
$( \frac{\partial}{\partial\theta})_{\gamma(s)}=\frac{1}{\sigma_{1}\rho_{2}-\sigma_{2}\rho_{1}}(\rho_{2}J-\sigma_{2}H)$ , $( \frac{\partial}{\partial\psi}I_{\gamma(s)}=\frac{1}{\sigma_{1}\rho_{2}-\sigma_{2}\rho_{1}}(-\rho_{1}J+\sigma_{1}H)$
. , $(\partial/\partial r, \partial/\partial\theta, \partial/\partial\psi)$
$\theta’(s)=\frac{\langle T,(\partial/\partial\theta)_{\gamma(s)}\rangle}{|(\partial/\partial\theta)_{\gamma(s)}|^{2}}=\frac{\langle T,\rho_{2}J-\sigma_{2}H\rangle}{(\sigma_{1}\rho_{2}-\sigma_{2}\rho_{1})r(s)^{2}}$ .
. $J,$ $H$ Frenet , $k(s)$
, $\theta’(s)$ . $\psi’(s)$ .
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$\tilde{J},\overline{H}$ Killing $(S^{3}$
) , $S^{3}$ , $H^{3}$
. , 5 ,
7 , , $H^{3}$ explicit .
5 Kirchhoff
, 3 Kirchhoff ,
, ( Fukumoto Miyazaki
) . (I) [9]




(5.1) $\frac{\partial\tilde{\gamma}}{\partial t}=\frac{\partial\tilde{\gamma}}{\partial s}x\frac{\partial^{2}\tilde{\gamma}}{\partial s^{2}}$
, $\tilde{\gamma}=\tilde{\gamma}(s, t)$ : $R\cross Rarrow R^{3}$ , $s$ , $t$
. , (5.1) .
, (5.1) $\tilde{\gamma}(s, t)$ , $s$ $s,$ $0$ )
, $t$ , $s$ $\tilde{\gamma}(s, t)$ .
, Kida ([11]) (5.1) ( )
( ), Hasimoto-Kambe ([5]) Kirchhoff




, (5.1) 3 $\mathcal{M}=R^{3},$ $S^{3},$ $H^{3}$
(5.2) (cf. [12] etc.). ( 3 ,
3 Riemann . )
(5.2) $\frac{\partial\tilde{\gamma}}{\partial t}=\frac{\partial\tilde{\gamma}}{\partial s}x\nabla_{s}\frac{\partial\tilde{\gamma}}{\partial s}$ ,
, $\tilde{\gamma}=\tilde{\gamma}(s,$ $t)$ : $R\cross Rarrow \mathcal{M}$ . $($ 5.2 $)$ .
4 , .
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8 ([9],Corollary 4.5). $\mathcal{M}=R^{3},$ $S^{3},$ $H^{3}$ . $\gamma$ twist rate $a$ Kirchhoff
, 4 Killing $\overline{H}$
1 $\{\phi_{t}\}_{t\in R}$ . , $\tilde{\gamma}(s, t):=$
$\phi_{t}(\gamma(s-2\nu at))$ (5.2) .
(II) Fukumoto-Miyazaki
, ( $(=$ ) )
Fukumoto-Miyazaki ([3])
(5.3) $\frac{\partial\tilde{\gamma}}{\partial t}=c_{1}\frac{\partial\tilde{\gamma}}{\partial s}x\frac{\partial^{2}\overline{\gamma}}{\partial s^{2}}+c_{2}(\frac{\partial^{3}\tilde{\gamma}}{\partial s^{3}}+\frac{3}{2}\frac{\partial^{2}\tilde{\gamma}}{\partial s^{2}}2\frac{\partial\tilde{\gamma}}{\partial s})$ ,
$([$3 $]$ , $[$21 $]$ , $[$ 2$])$ . $\tilde{\gamma}=\tilde{\gamma}(s,$ $t):R\cross Rarrow R^{3}$ , $c_{1},$ $c_{2}$
. $c_{2}=0,$ $c_{1}=1$ , (5.3) . (5.3)
.
Fukumoto-Miyazaki([3]) , (5.3) .
Fukumoto([2]) , (5.3) Kirchhoff
.
, 3 . (5.3) , (I)
, 3 $\mathcal{M}=R^{3},$ $S^{3},$ $H^{3}$
(5.4) $\frac{\partial\tilde{\gamma}}{\partial t}=c_{1}\frac{\partial\tilde{\gamma}}{\partial s}\cross\nabla_{s}\frac{\partial\tilde{\gamma}}{\partial s}+c_{2}((\nabla_{s})^{2}\frac{\partial\tilde{\gamma}}{\partial s}+\frac{3}{2}\nabla_{s}\frac{\partial\tilde{\gamma}}{\partial s}2\frac{\partial\tilde{\gamma}}{\partial s}I$
. , $\tilde{\gamma}=\tilde{\gamma}(s, t)$ : $R\cross Rarrow \mathcal{M}$ , $C_{1},$ $C_{2}$ . ((5.4)
. ) , .
9. $\mathcal{M}=R^{3},$ $S^{3},$ $H^{3}$ . $\gamma$ twist rate $a$ , Lagrange $\mu$ Kirchhoff
, Killing $\overline{K}:=(c_{1}+2\nu ac_{2})\tilde{H}+\frac{c_{2}}{2}\tilde{J}$ ( $\overline{H},\tilde{J}$
4 ) 1 $\{\psi_{t}\}_{t\in R}$ .
, $\tilde{\gamma}(s, t):=\psi_{t}(\gamma(s-c_{3}t))$ (5.4) .
, $c_{3}=2\nu ac_{1}+(\nu a^{2}-\mu/2+4\nu^{2}a^{2})c_{2}$ .
. $\mathcal{M}=R^{3}$ . $\overline{K}$ screw , $c_{1}+2\nu ac_{2}=0$
$\overline{K}=\frac{c_{2}}{2}\tilde{J}$ , $\tilde{\gamma}(s, t)$
.




. $K$ , $\mathcal{M}$ Killing $\overline{K}$ $\gamma$ .
$\omega(s, t)=\psi_{t}(\gamma(s))$ , $\{\psi_{t}\}_{t\in R}$ $\overline{K}$ 1
,
$\frac{\partial\omega}{\partial t}=c_{1}\frac{\partial\omega}{\partial s}\cross\nabla_{s}\frac{\partial\omega}{\partial s}+c_{\dot{2}}((\nabla_{s})^{2}\frac{\partial\omega}{\partial s}+\frac{3}{2}|\nabla_{S}\frac{\partial\omega}{\partial s}|^{2}\frac{\partial\omega}{\partial s})+c_{3}\frac{\partial\omega}{\partial s}$
.
$\frac{\partial\tilde{\gamma}}{\partial t}=[-c_{3}\frac{\partial\omega}{\partial s}+\frac{\partial\omega}{\partial t}]_{(s-c_{3}t.t)}$
$=[c_{1} \frac{\partial\omega}{\partial s}\cross\nabla_{s}\frac{\partial\omega}{\partial s}+c_{2}((\nabla_{s})^{2}\frac{\partial\omega}{\partial s}+\frac{3}{2}|\nabla_{s}\frac{\partial\omega}{\partial s}|^{2}\frac{\partial\omega}{\partial s})]_{(s-c_{3}t,t)}$
$=c_{1} \frac{\partial\overline{\gamma}}{\partial s}\cross\nabla_{s}\frac{\partial\overline{\gamma}}{\partial s}+c_{2}((\nabla_{s})^{2}\frac{\partial\tilde{\gamma}}{\partial s}+\frac{3}{2}|\nabla_{s}\frac{\partial\tilde{\gamma}}{\partial s}|^{2}\frac{\partial\tilde{\gamma}}{\partial s})$
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